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SUMMARY

General explicit expressions are derlived for the harmonic forces
produced at the hub by an n~bladed unbalanced helicopter rotor. Imbal-
ances due to property differences smong the blades and to nonuniform
spacing between the blades are considered. I% is shown mathematically
that these two types of imbalances have equivalent effects. Forces
applied to the hub both in and normal to the plene of rotation of the
blades are analyzed. The addlitional first hermonlc forces transmitted
to the hub In the plene of rotation by an asymmetric rotor-blade system
may be especlsally apprecieble due to the Influence of the high static
centrifugal forces exerted by each blade. Simple expressions are derived
for the amplitudes of these forces. The effect of small simultaneous
property and spacing imbalances can be obtalned by superposition of the
separate effects of each imbalance. Numerical examples ere given
throughout to illustrate the order of magnitude of the results obtained
herein. For convenient reference, an analysis of the forces transmitted
to the hub by a balanced rotor of n bledes is given.

INTRODUCTION

The purpose of this Investigation 1s to present an analysis of the
effect of lmbalances in helicopter rotor blades on the net foreces pro-
duced by n Dblades at the hub in £flight. Two types of imbalances are
distinguished in this anaslysis. One type, to be denoted as a "property
imbalance,” occurs when one or more blades differ slightly in construc-
tion from that of a steandard or reference blade in the rotor. For
example, a blade may have a slightly different blade angle, blade twist,
or chord distribution from that of the reference blade. The other type
of imbalsnce, to be denoted herein as "eccentricity imbalance," is due
to slightly unequal angulsr (azimuth) spacings between the blades. Both
types of ilmbalances, which result in an azimuthal lack of perfect symme-
try in the rotor-blade system, are usually unintentional, and hence
semall, and are due to Imperfectlons or tolerances in menufacturing.
Baslcally, the effect of a property lmbalance is to cause the unbalanced
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blade, at any given azimuth position, to transmit to the hub a dynamic

or aerodynamic load different from that of the reference blade when it

is at the seme azimuth. It will be proved, moreover, that the effect

of an eccentriclty Imbelence 1ls anaslogous to that of a property imbalance.

A study of the effect of rotor imbalances 1s of practical interest,
since even a comparatlvely small ilmbalance may be capable of producing
a significant effect on the harmonlc loads transmitted to the hub simul-
taneously by all of the blades. The reason for this 1s that a balanced
rotor with n bledes wlll produce at the hub only harmonic forces with
frequencies which are multiples of n (e.g., refs. 1 to 3). Consge-
quently, only the higher harmonice acting on a single blade will be
transmitted to the hub by a balanced rotor of more than two blades. For
a rotor of three bledes, for example, only the second and higher harmonic
loads acting on a single blade will contribute to the lowest (third) har-
monic forces acting at the hub. An imbalaence in the rotor, however, will
transmit additional harmonic loads which otherwlse would not appear. In
perticular, appreciable first hermonic loads at the hub msy now appesar.

A systematic analysis of the effect of rotor imbalance on the net
forces transmitted to the hub by all of the blades does not appear to
have been given thus far in the literature. The aim of the present
report is to furnish such an analysis. A comparatively brief discus-
sion of the effect of rotor imbalance 1s glven in reference 3.

The analysis in the present lnvestigation is sufficiently genersl
to take account of simultaneous property and eccentrlclty lmbalances in
any number of the blades of a rotor. Moreover, this analysis 1s also
sufficlently general to take account of property imbalances due to any
cause. Restrietlon to & particular type of property imbalance is made
only in the numerilcal examples. Finally, forces applied to the hub both
in and normal to the plane of rotatlon of the blades are analyzed.

This investigation consists of three maln sectlons. First, an
anelysis of loads transmitted to the hub by balanced blades will be
glven. Although a limited number of references on this subject exlst
(refs. 1 to 3), it appears worthwhile to include a separate section on
balanced blades for convenlent reference and for a clearer appreciation
of the analysis and effect of unbalanced blades. In the second section,
the additional loads trensmitted to the hub in a direction normal to the
plane of rotation of the blades by imbalances in a rotor are derived.
The effects of property lmbalences, eccentricity imbalances, and simul-
taneous property and eccentrieity imbalences in the blades are analyzed
in general terms, and general conclusions of physlcal iInterest are
drewn. Numerlcal examples are then glven to 1llustrate the results.

The third sectlon deals similarly with the loads produced at the hub in
the plane of rotation by unbalanced blades. In the entire analysis, the
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results are given 1n terms of the forces transmitted to the hub by a sin-
gle rotating helicopter blade 1n flight, and these are regarded as known
or glven.

This work, carried out at the Polytechnic Institute of Brooklyn
Aeronautical Leboratories, was sponsored by and conducted with the finan-
clal assistance of the National Advisory Committee for Aeronautics.

SYMBOLS

Aoq amplitude of increment of first harmonic load component pro-
duced at hub by small eccentricity ilmbalances

Atl amplitude of increment of first harmonle load component pro-
duced at hub by small simultaneous property and eccentric-
ity imbalances

Loy 1y LBy 1y, Mgy coefficients of increments in mth harmonic
Moyt Moy 1, B0 forces in x'-, y'-, and z-directions,
x m oy = 2m respectively, produced at hub by property
imbalances in a rotor {egs. (18a) and (33))
&l

e, coefficients of increments in mth harmoniec

1 ?
xrm,AB- yfm,

zm?
', bt bt forces in x'~, y'-, and z-directions, respec-
xmTT y mTTozm tively, produced at hub by eccentricity imbal-
ances in a rotor (eqs. (25a) and (39a))
sal gy, laty iy, 08t o, coefficients of increments in mth harmonic
" u n forces in x'-, y'-, and z-directions
A iy B0y 1y 80y ¢
¥ respectively, produced st hub by simulta-
neous property and eccentricity imbalances
in a rotor (egs. (29a) and (hha))
e distance between blade hinge and axis of rotation (fig. 1)
Fxm’Fym;Fzm net mth harmonic forces in x-, y-, and z-
directions, respectively, transmitted by
rotor to hub
Fxms:Fyms:Fzms mth harmonic forces in x-, y-, and z-directions,

respectively, produced at hub by a single
blade of & balanced rotor

mth harmonic forces in x-, y-, and z-directions,
respectively, produced at hub by a single
blade of an unbalanced rotor
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Fx:,Fy-,FZ total forces in x'-, y'-, and z-directions,
respectively, produced at hub by a balanced "
rotor

LFyty OFyr , OFy total additional forces in x'-, y'-, and z-

directions, respectively, produced at hub by
rotor due to lmbalances

£

xm’fynuf coefficients of mth harmonlc forces in x-, y-,

zms
and z-directions, respectlively, transmitted
Exms Eym Ezm to hub by a single blade (eqs. (1) and (8))
Afme,Ai&mJ,Afsz, increments in values of fy,, f&m) foms EBxms
88y 3> OBy s L zm Bym» and g, for Jth blade at azimuth posi-
tion WJ due to property lmbalence of this
blade
Afzmj':ﬁgzmj' increments in the values of f,, and gg, Y
for Jth blade due to eccentricity imbalance
of this blade (eq. (23a))
b!
(8fxm3) eqs (Afymy)eqs velues of Afypy, Ofymy, Afgmys  P8ymys
(Afzma)eq:(égxmj)eq: Agyny, 8nd Agyps which will produce same
(Agme)eq,(Agsz)eq effect as eccentrlicity imbalance or combined
property and eccentricity imbalance
J integer denoting azimuth position of a blade of rotor,
J = 0,1,2,. Y 1
m integer denoting fregquency of harmonlc forces
n number of rotor blades
r distance of blade element from axis of rotation (fig. 1)
] distance along & blade, measured from root
t time
X,¥,2 Cartesian coordinate system of a rotating blade (z coin-
cides with axls of rotation, and x coincldes with arm
of blaede; see fig. 1)
x',y' fixed Certeslen coordinate system in plane of rotation of

rotor
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€ eccentricity imbalence of jth blade (eq. (21))

M magnitude of imbalance in blade angle of a blade

3 blade asngle

ol mass per unlt length of a blade

¥ azimuth angle

¥ azimuth position of Jth blade in a balanced rotor (eq. (10))

WJ' azimith position of jth blade in an unbalanced rotor
(eq. (21))

Q sngular speed of rotor

Subsecripts:

e denotes eccentrlclty imbalances

jo! denotes property lmbalances

t denctes comblned property and eccentrielty imbalances

FORCES TRANSMITTED TO HUB BY BATANCED BLADES

A conclse enalysls of harmonic forces transmitted to the hub by n
balanced blades of a helicopter rotor 1s gilven in this section.

Forces Normal to Plane of Rotation of Blades
Let the mth harmonic force transmitted to the hub normsl to the

plane of rotation by a single rotating blade of a helicopter rotor of
n blades be

Foms(¥) = £, sin m¥ + g, COS m¥ (1)

where ‘# is the azimuth position of the blade and fom and gy, are

independent of V. Then, at any instant, the total mth harmonic force
in the z directlon due to all of the uniformly spaced blades will be
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n-1
= Z Ezm sin m(‘lf + 2—;1) + 8ym COS m(\y + @:’ (2)
3=0 ' ' -

If the blades are all exactly allke, as is assumed in this sectlon, then
fom end gy, are the same for all blades, that is, these coefflclents

are 1lndependent of J.

It is observed that (e.g., as shown in ref. 2)

~

n-1

Z sin m(ﬂf + %’i—'j) = ¢(m,n) sin my

) .

” > )
}: cos m(v + g%g) = ¢(m,n) cos m¥

J=0 J

vwhere the function ¢(m,n) 1s defined byl

@(m,n) = 0 1if m is not & multiple of n
?{mn) =n if m is & multiple of n (%)
It then follows from equation (2) that for balanced blades
Fum = 0(m,n)(fpy sin m¥ + gy cos my) (5)

The total forces transmitted to the hub by n balanced blades over all

harmonlcs will be
F, = ZFzm (6)

lThe function (p(m,n) can, if desired, be expressed in terms of the
comparatively famlliar Kronecker delta symbol B8y 3 defined by 3y 3=

for 1#J end By =1 for i =J. Thus,
¢(mn) = mdy 1n(k =0, 1, 2, . . .).
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Hence, from equation (5), it follows that

Fp =n zg:(fz,kn sin kn¥ + gz kpn coOs kny) (7
k=0

Forces in Rotor Plane of Rotation

Let (x,y) be Cartesian coordinate axes in the plane of rotation of
the blades fixed to a typical blade of an n-bladed rotor and hence
rotating with the blade. Moreover, let (x',y') be fixed Certesian coor-
dinate axes in the rotor plane of rotation and let the angle between the
x' and x axes be V¥. Finally, let the mth harmonic forces transmitted
to the hub in the x and y directions by a single rotating blade at
Instantaneous azimuth positlon ¥ be

Fyms(¥) = fxp 8in m¥ + gy cos my (
8)
= fym sin m¥ + &m COS my

L
E
|

Then the forces in the x'- and y'-directions, due to Fyms @and Fyms:

transmitted to the hub at any instent by the n uniformly spaced blades
of the rotor are

n-1 R
Fyty = Z TFms(\lf'j)COS vy - Fyms(*#j)sin 1[:“1
J=0 |
n-1 (9)
Fyim = }; E%mm(WJ)Sin ¥y + Fyms(vj)cos vi
J=0 )
where
Y=y (10)

and Fxms(wj) and Fyms(wj) are obtalned from equations (8) by
replacing ¥ by *j there. For identical blades, fsm fym, Exms
and ‘8ym are all independent of J.
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The followlng well-known trigonometric relations are noted:

\

sin A cos B = Z|sin(A + B) + sin(A - B)]

h 4

1
cos A cos B = 5 cosi(A + B) + cos(A - B)] (11)

sin A sin B = él. cos(A - B) ~ cos(A + B)__]

By using equations (11) and (3) in conjunction with equations (9) and
then summing over all harmonice m, the followling expressions are
obtained for the total loads in the x'- and y'-directions transmitted
by n Dbalanced blades to the hub:

Fyt =-%- Z {(p(m+l,n) [(fxm- gym)sin(m+ L)V + (3x:m+ fym)cos(m+l)ﬂ£] + ]
n=0
o(m-1,n) [(fxm"' gym)sin(m- v+ (3xm' fym)cos(m- l)vlr]}
Y
et 5 e [ CTAs N
y' =5 p(m+1,n) [(Sym' fm)cos(m+l)1r+ (gm+fym)sin(m+l)\lr +
=0

o{m-1,n) [(fm+ g,ym)cos(m L)V + (fym‘ gxm)sin(m- l)xﬂ}

Equations (12) can be written in a slightly more explicit form as

: _ <
FX' = %n z [('Fx,kn-l = gy’kn._l + fx’m+l + gy’m_’_l)sin m\‘f +
k=0
(gx,kn~l + fy,kn—l + 8, kn+l - fy,kh+1)°03 kn%}
e (13)
1 =1
Fyt = En Z Kgy,lm_l - fx,kn-l + fx,kn+l + gy,kn_l_l)cos kn{ +
k=0 '
(gx:kn"l + fy')kn‘l + fY;lm-'l'l - gX,kIl+l)Sin kn\ﬂ
where

fx,-1=fy,.1 = 8,1 =8,.1=0
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In all the preceding equations, the expliclt dependence of the
forces on time follows from the reletion V¥ = Ot where Q 1s the angu-
lar speed of the rotor end t 1s the time.

General Implicetions

From equation (7), i1t is seen that the only frequencies produced
at the hub in & direction normal to the plane of rotation of the blades
by all of the n balanced blades of & rotor will be harmonics which are
multiples of n. Moreover, only those harmonics transmitted by a single
blade which are multiples of n will contribute to the net forces at
the hub produced by the n Dblades.

From equations (12) snd (13), i1t is seen that, as 1n the case of
forces normel to the plane of rotation, the net forces produced at. the
hub in the plane of rotation by all of the n blades of a balanced rotor
will be hsrmonics which are multiples of n. From equatlons (12) and
(13), it also follows, however, that the forces transmitted by a single
blade which contribute to the net forces transmitted by =n blades will
be those harmonics which differ by 1 from the multiples of n. For
example, for & baslanced rotor of three blades, the net forces acting at
the hub, in and normal to the rotor plene of rotation, due to the n
blades will be the zeroth {statlic), third, sixth, and so forth hermonics.
These ssme harmonics acting on a single blade normal to the plane of
rotation will contribute to the net normal forces escting at the hub. On
the other hend, the first, second, fourth, fifth, seventh, and so forth
hermonic forces acting on a single blade in the plene of rotation will
contribute to the net forces acting in the plane of rotation at the hub.
A tabular summary, without formal derivation, 1lllustreating these results
is given 1n reference 1.

From equatlons (13), it can be shown directly, by determining

(Fx'2 + Fylz), that the magnitude of the resultaent force in the plane

of rotation transmitted to the hub by a balanced rotor will be constant
with time, or independent of V¥, 1f and only if a single net harmonic
force acts at the hub and only a single harmonlc force acting on an
individual blade has contributed to this net harmonic force at the hub.
In such a case, this net force at the hub will rotate with constant
magnitude In the plane of rotation at angular speed egual to a multiple
of n0 (ususlly nQ itself).
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FORCES TRANSMITTED TO HUB NORMAIL TO PLANE

OF ROTATION BY UNBATLANCED ELADES

In thils section, the general effect of imbalances in a rotor of n
blades on the net forces transmitted to the hub normal to the plane of
rotatlon of the blades 1s derived. This effect, in general, can be
expressed In the form of ilncrements in the harmonic loads transmitted
by a balanced rotor. General expressions for these increments will be
developed here. Property imbalances, eccentriclity lmbalances, and com-
blned property end eccentricity imbalances will be considered.

Property Imbalances

Consider a rotor with n unlformly spaced blades. Then, at any
instant, the blades may be consildered to be situated at azimuth angles
WJ(J =0,1, 2, ..., n-1) in accordance with equation (10). Con-

sidering the blade at azimuth Vo &as a reference blade, suppose that
any other blade at szimuth WJ(J # 0) has properties different from

those of the reference blade. Then for a given azimuth position, this
blade will as a result transmit dynamic or aerodynamic forces to the hub
different from those transmitted by the reference blade when the latter
is at this position. Let the total mth hermonic-force component trans-
mitted to the hub by the reference blade ndérmal to the plane of rotation
be given by the right side of equation (1). Then the total mth harmonic-
force component transmitted to the hub in the z-directlion by an unbal-
anced blade when 1t 1ls at any azimuth position, will be

Fzmj(w) = (£,m + Afyny)sin mb + (8gm *+ 28,y 4) cos m¥ (1k)

Here, Afsz and Agzmj denote the increments in the amplitudes of

the mth harmonic forces transmitted to the hub by the jth blade due to
its property imbalance. If several blades have imbalances, then equa-
tion (1) holds for each of these blades, wlth a different value of
Afzmj and Agzmj for each blade. N

The total mth harmonic force transmitted to the hub in the
z-direction by the uniformly spaced, but different, blades is
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n-1

Fom = z Fomi(¥3) (15)
3=0

where Fzmj(wj) is obtained from equation (14) by replacing V¥ by ¥y
Equation (15) yields

Fom = (Fom)b + (AFzm)p (16)

where CFzm)b 1s given by the right side of equatlon (2) while

n-1

7

(LFym)p = ;z (Afymy sin why + Aggyy cos m¥y) (17)
J=1

According to equation (16), (AFzm)p represents the increment in the

net mth harmonic load transmitted to the hub by the n blades due to
their imbalances. Summing over all harmonies, it is found that the total
of these increments is

(AFZ)P = }E (Aazm_sin my + Lb,y, cos mw) (18a)
m=0 '
where
n-1 )
tmvm = ) (£0ung con E5BL - sy sin 2
J=L (180
n-l f 18b)
by, = (Afsz sin 22mj_+ Agsz cos EE?J)
J=1 /

Equations (18a) and (18b) can be used to calculate directly the
effect of property lmbalances in the rotor blades on the net forces
trensmitted to the hub, 1f the effect of each property lmbalance on the
forces acting on & single blade 1s known, that is, 1f the values of
Afsz end Agzmj are known.
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Equations (18a) and (18b) indicate that the effect of property
imbalances in a rotor ls to transmlt to the hub in the z-direction addi-
tlonal forces in all harmonics. This 1s in contrast to the case of bal-
anced blades, in which only harmonics which are multiples of the number
of blades are transmitted to the hub normel to the plane of rotation.
The first harmonics, in particuler, in equations (18a) and (18b) may
have apprecleble amplitudes.

As a numericsl example, to 1llustrate order of magnitude, conslder
a rotor of three blades with the following values of the load coeffi-

cients® in pounds:

8g0 = 1516 £,1 = -1561 . g, = -1078
fgp = 162.2 80 = -T6.3 £,3 = T8.7 (19)
8,3 = -64 .3 fgy = 12.2 8y, = 1.8

Then, according to equation (7), the net nonstatlc force transmitted by
the three balanced blades wlll be e third harmonic force with an ampli-

tude of 5V(78.7)2 + (64.3)2 = 305 pounds. Suppose now that one of the
bledes, corresponding to J = 1, for example, has a slightly different
blade angle, namely, 9 = 8o(1 + n), from that of the other two (3 = ao).
For purposes of a glmple order-of-magnitude calculation, 1t may be
asgsumed thet the forces transmitted to the hub in the z-direction by e
single blade are proportional to the blade angle. Then for the blade

at J =1, Afym =nfyy end Agyyy = n8yp. Hence equations (18b) yield

D8 ='ﬂ<fmn cos 2%2 - gym 8in ggg)
£, = q(fzm sin Q’E}#-n + g, cos —23‘3-5'3)

2These values, and all other values given in succeeding numerical
examples in this report, are based on theoretical calculations which
were made in ref. 4 for a three-bladed hellcopter of gross weight
4,660 pounds in forwaerd flight at an advance ratio p of 0.3. Ref. L
is essentislly a slight modification of the analysis and calculations
made in ref. 2. The rotating (x,y,z) coordinate system pertinent to
these calculetions is shown in fig. 1.



NACA TN L2266 . 13

With the date 1n equations (19), equation (18a) thus ylelds

(&Fy)p = n(1516 + 1713 sin ¥ - 811 cos ¥ -

7.1 sin 2¥ - 102.3 cos 2¥ +
78.7 sin 3¢ - 64.3 cos 3¥ -
7.66 sin 4y + 9.7 cos &) (20)

The most lmportent additlional nonstatic harmonic-load component which
occurs here 1s the first harmonic load, which has an amplitude of
1,900 pounds. Thus, if 17 = 0.02, the imbalsnces here produce a first
harmonic-load component at the hub with an amplitude which 1s 0.82 per-
cent of the gross helicopter weilght, but which is 12.5 percent of the
amplitude of the net (third) harmonic load transmitted by balanced
blades.

Eccentrieclty Imbalances

To determine the effect of unequal azimuth spacings of the blades,
it will first be assumed that all the blades of the rotor are exactly
alike.

Let the azimuth angle of each of the n blades of a rotor, at any
instant, be

¥yt =Y e . e (21)

n

where J=0,1,2, . . .n-1 and ey = 0, so that the blade corre-
sponding to J = 0 willl be consldered as the reference blade. For
uniform azimuth spacing, €3 = 0 for all velues of J. The mth har-

monlic forces transmitted to the hub in the z-direction by all n blades
are

n-1
Fom = ziz(fzm sin mwd' + 8y COS mwj') (22)
J=0 :

Subtracting the result for uniformly spaced blades, equation (22) leads
to the followling expression for the increments in these forces:
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n-1
(AFzm)e = ZE:QAfzmj' sin mby + Agypy' cos mwj) (23a)
far) — .
where WJ is glven by equation (10) and
Afzmj‘ = fzm(cos mey - l) ~ By 5in mey
(23b)

88,n5' = Ty 8in mey + &g (OB mey - 1)

For small values of €3, equations (2%b) to first powers of €3 become :

Ay’
Agzmj'

Mg, €
2 (23¢)

mi‘zmeJ

A comparison of equations (23a) with equation (17) shows that the
effect of eccentriclty lmbalances is equivalent to property limbalances

For example, the effect of eccentricity imbalances can be produced if
each blade has property imbelances such that

(Af2my) g = Afzmy’

(%82m) )y = “82my’
where Afémj' and Agzmj’

(24a)

are glven by equations (23b) or (23c) and

the subscript eq denotes property lmbalances which will produce the
pame results as the glven eccentricity imbalances.

For small spacing
differences, these equlvalence relatlonships 'become3

(Afzmd) eq = -ngmEJ

(24D)
(Agzm‘j)eq = .mfzmej

From equations (23a) and (23b) it follows that the total increments,
over all harmonles, in the loads transmitted to the hub normal to the plane
of rotation which are due to nonuniform azimuth spacings of the blades are

5The most general equivalence relations can be obtalned by writing
(Aazm)eq = fa'y, and Abzm)eq = Mbb'y, and using equations (18b) end
(25b) (or (25¢)).
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(AFZ)e = ZE:(Aa'Zm sin my + Mb',, cos umo (25=)
m
where
n-1 A
1 \" 1 2 ' 2
f0tyn = ) (Mtgmy’ cos BB - ngyyyt stn )
J=1
o F o (250)
1 1 2% s 2
b Zm = Z (Afzmj sin -—éng + &Zm'j cos _gﬂ)J
J=1

and Af,,s' and Ag,n,' are given explicitly by equations (23b) and

(23c). For small eccentricities in the blade spacings, equations (25b)
become

-

n-1 n-1
fatyy = -m SZmZGJ cos 2gm‘j + fzmz €3 sin ?%mi'j-
j=1 J=1
n-1 n-1 f (25¢)
Lolyy =m meZEJ cos 2’:1mj - gszeJ sin Egm‘j
3=1 J=1 J

Equations (23) and (25) are convenient general expressions permitting
a direct calculation of the effect of eccentriclty imbalances.

As a8 numerical example, conslder a rotor with three ldentical
blades with the loed coefficlents given in equations (19). If the

blades were equelly spaced, the angles between two adlacent blades would

be %? radians. Suppose thaet the angle between the reference blade

(3 = 0) and the succeeding blade (J = 1) is %$-+ €; and thet the third
blade is separated from the reference blade by an angle %?-radians.

If 1t is assumed that |e;| << 1 then equations (25¢) yield
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L8 g = —melégzm cos 23— + fpm 8in Egm)
onm 2nm
Ab'zm = mel<fzm cos —3— - 8, gin —3—)

Evaluating sa'y; and Ab',, from the data in equations (19) and
inserting them into equation (25a) yield

(AFZ)e==el(813 sin ¥+ 1715 cos ¥+ 206 ain 2% - 294 cos 2¢+ . . .) (26)

The magnitude of the first harmonic-load component in ( z)e 1s thus

elvk813)2 + (1715)2 = 1900e; pounds. If €; = 0.02 radian (which is

1. 150), then this produces a first harmonic force at the hub with an
amplitude of 38 pounds, which is 12.5 percent of the amplitude of the
net third harmonic load transmitted to the hub by balanced blades.

Simultaneous Property and Eccentricity Imbalances

If the n blades of a rotor have both property and eccentricity
imbalances, then equations (15) or (22) must be replaced by

n-1

Fom = 2: Efzm.+ Afzmd)sin mwjr + (g2@1+ Agzmd)cos mvj] t21)
J=0

It 1s assumed that Af, . = Ag,no = €5 = 0; that 1s, the blade at § =0

is taken as a reference blade. Subtracting from equation (27) the net
loaed transmitted by balanced blades, the followlng general expression

is obtained for the increments in the mth harmonic forces transmitted to
the hub by a rotor with both property and eccentriclty imbalances:

n-1
(OF )t = Z{:{Lfmn(cos mey - 1) + Afypy cos mey -
J=0

(5zm.+ AmeJ)sin mei]sin mwj + Kfzm + Afzmd)sin mey +

gzm(cos mey - l) + g, ;4 coB mej:[ cos m\ir.j (28)



NACA TN L226 17

Summing over all harmonics, it is found that the total of these incre-
ments is

(&F,) ¢ = Z(Aa"zm sin my + Ab",, cos my) (29a)
m

where
n-1 h

La" = Z {[fzm(cos mey - l) + Afypny cos mey -
J=1
(gzm + Agzmd)sin med]cos 2—2—'1 - [(fzm + Afzmj) sin mey +

gzm(cos mey - l) + Ag,ny cos ms'j]sin 2_2—}

n-1

" = z {[fzm(cos mey - l) + Af,, cos mey -
J=1

r (29p)

(gzm + Agzmj)sin mej]sin -2-’;1—3 + |:(fzm + Afzmd)sin mey +

8y (cO8 mey - 1) + 2gypy cos mej]cos g%’i_}

)

For small imbalances, equatlons (29b) to first powers of Afsz s Agsz 5
and €3 reduce to

n-1 )
ret o = z [(Afsz - gzmmej)cos % - (fzmmeJ + Agzm‘j)sin z—gijl
j=1

[ (29¢)

n-1
Mo, Z I:(Mzmj ~ 8gmnej)sin ET‘TJ + (fzmmej + Agzmj)cos affj;l
J=1

-~

A comparison of equations (29a) and (29c) with equations (18a),
(18b), (25a), and (25c) shows that, for small imbelances, the effect of
simultaneous property and eccentriclty imbalances can be obtalned simply
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by superposition, that is, by adding the load increments due to property
imbalances alone to the load increments due to eccentricity imbaslances
alone. In this regard, it may also be noted that the effect of small
simultaneocus property and eccentricity imbalances 1s equivalent to that
of small property imbalances alone. This equivalence relation msy, for
exemple, be glven by

(Afzmy )eq = Afzmy - D@zme)

(Agsz)eq = Agzmd + mfszJ

(30)

From this equation it is seen that the effect of property imbalances mey
either be diminished or increased in any harmonic by & simultaneous eccen-
tricity imbalance, depending on the signs of Afsz, Agzmd’ and €1.

As & numerical example, consider & rotor of three blades having the
property imbalances discussed in the first example above and the eccen-
tricity imbalances discussed in the second example. Since these imbal-
ances are smell, the principle of superposition Justified sbove 1s valid,
and the increments in the loads due to each imbalance alone msy be added.
Thus the additional first-hermonic load produced by the simulteneous
imbalances is

£F,1 = (L7130 + Bl3ey )sin ¥ + (-813n + 17133 Jeos ¥

If n =0.02 and e = 0.02, the amplitude of this harmonic is

V(50'5)2 + (18.0)2 = 53%.5 pounds.

FORCES TRANSMITTED TO HUB IN FLANE OF

ROTATION BY UNBALANCED BLADES

The effect of imbalances in a robor of n blades on the forces
transmitted to the hub in the rotor plane of rotation will be derived
herein. The effects of property imbelances in one or more of the blades,
nonuniform spacing between the blades, and the combination of these
iwbelances will be considered. As in the section on balanced blades, a
fixed Cartesien coordinate system (x',y') in the plane of rotation and
a system (x,y) rotating with a blade wlll be used.
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Effects of Property Imbalances

At eny instant, let the n blades of a rotor have azimuth engles
vj. Moreover, let any blade at Wj(j # 0) have properties different

from the corresponding properties of the reference blade at WO Then,

if the mth harmonic forces transmitted to the hub at any instant in the
x- and y-directions by the reference blade are gilven by the right sides
of equations (8), the corresponding forces transmitted to the hub at
this instant by the Jth blade are

fims(*j) = (fym + Afxmd)sin why + (8xm + LBymy)cos m¥;

Fyms(lyj) = (fy-m_ + Afymj)sin mII(J + (gym + Agm)cos m\lr'j

(31)

vhere Afyns, AZymy, Afym,j , and Agy‘m,j ere the Increments in the blade
force coefficlents £y, &wm, fym: and &yms respectively, due to the

property lmbalance. The total forces transmitted to the hub by all n
bledes can be obtained from equations (9) and (10) by replacing Fms(xl.rj)

and F (ILrJ) in equation (9) by Fxms (1113) and Fyms (\]rj) in accordance

with equations (31). The following expressions for the additional loads
transmitted to the hub because of these property imbalences are thus
obtained:

n-1

(tFygt)p = % Z Z [(Afxm_j - Lggns)sin(m + 1)¥3 +

m J=0
(Afmj + Agym)sin(m - leJ +
(Agxm,j + Afme)cos(m + l)\kj +

(P&xmy - Afymj)cos(m - 1)¢3] (32a)
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n-1
(AFY')P = %‘ Z ;BAfme + Asm)sin(m + 1)¥y +
m J=
(Afymy - Lgyyy)ein(m - 1)¥y +
(f8ymy - Afxmg)cos(m + L)¥y +
(L&ymy + Afmj)cos(m - l)llrjj (32b)

Equations (32) can be written more explicitly in the following form:

(AFx')p = Z(Aa.xrm sin m¥ + Mbyry cos m‘#’)
m
(33)
(AFy')p = Z (Aa.ynm sin my + Abyiy cos m\Lr)
m
where
n~1 T
Boyio = ) (Maay - A1)
=i
n-~l
By =} ) (8% + dap1y)
=
n-1
texry = 3 le [(-2tey0; + afyay + t8yag)eos b + (-2ougy + Btyay - Lexpg)stn 2]
1 (338)

n-1

Moyt] = ‘;- Z[(EAgon + fgxoy - Afygd)cos a—:l + (-2Agyoj + Ogyny + Afxgj)sin 2—:1]
b
n-1

sey1 = § Z [(e2ex0y - dexay + afyes)eos Zd + (-22ey0; - Atuay - Lgyzy)stn 2—’;‘{_\
=l
n-l

foyry = g z [(eteyos + Atxzy + tayzg)cos L+ (e2840) - 2expy + Afypg)etn En‘l]
=1 ' /
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For m2> 2:

n-1 7

1 ' 2xjm
Fx'n=3 Z [Afx,m-l,a-Agy,m-l,a+Afx,m1,a+‘>8y,m1,a)°°s n *

=
2x
(-Agx,m_l,j = Afy:m"l,j - Agx;m"'l’J + AfY,m'i'l; J)Sin %:l
n-.l
1 2
foy1m= §Z [(Agxim‘l:vj + AfY:m"l:J + Agx,m—l-l,j - A?Y.vnﬂ'lx J)cos g.'jm +
=L

(AfXJm‘l: J- ASY:m‘l’J + Afx,m—l-l, Jt ASy,m—l-l, J) sin 211‘:1 m]

n-1

Aa'y'm = %Z ]:(Afy';m-l; Jt Agx,m-l,j + AfY:m"lth - Agx,m-pl, J)COS
=

2njm
5+

2
(Afx,m-1,3 = 28y, m 1,3 = O, mil, § - D8y w1, 3)8in _EL{I

n-1
1
Aby'm-_-: E Z [:(—Afx,m-l, J + AEY,m—l: J * Afx)m'!'l)tj + Asy}m'l'l’ J)COS 2gdm+
s

hd

2njm
(Afy,m1,3+ 08x,m-1,3+ Ay, mil, J - O&x me1,3)8in "E‘L] )

From equaetions (35), 1t 1ls seen that the additionel forces trans-

21

(331)

mitted to the hub due to property imbalences in the blades are composed
of all harmonics. This is in contrast to the net forces transmitted by
balanced blades, which consist only of those harmonics which are multi-
ples of the number of rotor blades. This wae also the case in the pre-
vious sectlon which dealt with forces applled along the axis of rotation.
On the other hand, 1n that sectlion it was seen that only the mth harmonics
acting on a single blade contrlbute to the net mth harmonic forces at the
hub {whether the blades are balanced or unbalanced), whereas here the har-
monics acting on a single blade which contribute to the net mth harmonic

forces at the hub are the (m + 1)th and the (m - 1)th harmonics. This

conclusion may be particularly significant for the additionsl



22 NACA TN L226

first and second hermonic forces produced at the hub, since these will
depend on the relatively large zeroth (static) and first harmonic forces
acting on a single rotating blade.

The instantaneous magnitude of the total force increment in
equations (%3) is VQAFXQ 2.4 GEBH)Q' In general, this varies with

and hence with time. It 1ls independent of time under conditions similar
to those for halanced blades. Of the varlous harmonic components in
equations (55), the first harmonic will usually be of greatest practical
interest since the zeroth harmonic 1s & static load, while the higher
harmonlecs have smeller amplitudes. If the contribution of the second-
harmonic forces ecting on a single blaede are neglected in comparison with
the statlic forces, while the y-components of the statlc forces are also
neglected, as will be Justified in the succeeding persgraph, the fol-
lowlng expresslon ls obtained for the square of the megnitude of the
additionel first hermonic forces transmitted to the hub:

(Aax:l sin ¥ + Abyty cos W)E + (Aayrl sin ¥ + Abyry cos W)g =

n-l 2 n-1 2
}:Agxoj cos g%i + }zéngJ sin g%i (34)
J=1 J=1

The magnitude of this additional first harmonic is thus seen to be
approximately constant with time and hence thils sdditlonal force com-
ponent will rotate with constant magnitude, glven by equation (5&), at
an angular velocity equal to that of the rotor angular veloclty Q.

If the x-axis 1s chosen to colncide with the arm of a blade, then
the statlc load transmitted to the hub by a single blade will be almost

entirely the centrifugal force component in the x-direction#. Thus,

2
gxo = 02 fo or ds (35)

where p(8) 1s the mess per unit length of a blade, r 1s the distance
of a blade mass element p ds from the rotor axis of rotation, 1 is
the length of the blade, end s 1s the distance along the blede measured
from its root. From equation (35), the value of Agxoy fTor a glven

hThere will be a relatively small centrifugal force component in the
y~-directlion due to blade legging. There may also be some slight aero-
dynamic stetic force components in the x-dlrection. (See, e.g., ref. 2.)

r
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property lmbalance (e.g., a chenge in p(s)) can be readily calculated
1f the slight effects of blade flapping and lagging (cf., e.g., ref. 2)
are neglected, and r is therefore replaced by (s + s;), where sy is

the distance of the root of an undeflected blade from the axis of rotation.

As a numerical example, a three-bladed rotor with the following
date for the blade force coefficients (in pounds) is considered:

g€x0 = 129)4-)-!- gyo = —1878 fxl = -2)-1-5.8 €1 = 77)4-.6 fyl = }-I-l-B
gyl = 335.2 g0 = -535.9 &g = -60.9 fyp = -65.5 gyp = -1sL.hb (36)
fy3 = 9.3 gx3 = -26.2 fyz = -87.1 gyz = -55.5

If the blades are perfectly balanced, then asccording to equations (12)
or (13), the following net forces will be transmitted to the hub in the

plane of rotation:?

(733.3 - 394.5 sin 3¢ - 126.4 cos 3¢ + . . .)
(98.4 - 126.4 sin 3¥ + 394.5 cos B¢ + . . .)

Fyr =
F

MW PO

yl

Consequently, the nonstatic force component transmitted to the hub in
the plane of rotation will have a constant magnitude of 413 pounds and
will rotate with an angular speed of 3Q. Suppose now that one of the
blades, corresponding to J = 1, for example, has & slightly different
mess distribution from that of the other two, causing sn inecrement in
8,01 ©Of 48,57 for this blade. Then according to equation (34), the

main effect of this Increment 1s to transmit to the hub an additional

force in the first harmonle (i.e., of frequency Q) with an amplitude

of lAgxol‘ = gy = 12,9%ka pounds, where a = légﬁgll. If the imbalence
X

1s such that o = 0.02, then the amplitude of the additional flrst har-

monlc will be 259 pounds or 62.7 percent of the amplitude of the third-

harmonic force transmitted to the hub by balanced blades.

Effects of Eccentriclty Imbalances

If the n blades of a rotor are ldentical but have a nonuniform
azimuth spacing Vj' glven by equation (21), then in equations (9) ¥y

DThe contributions of the fourth harmonic coefficilents Tl Bxhs
fyh: and &yl have been neglected here.
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must be replaced by J'. In this menner, the following expressions

are obtained for the additional forces transmitted to the hub by all
n blades:

(4Fx1), = 2 erQun(m + 1)y {(fm - &yp)|cos(m + ey - 1 -
m =l
(8xm + fym)sin(m + l)ed} +
cos(m + 1)¥; {(gm + fy) [cos(m + 1)ey - 1] +
(fxm = &y )sin(m + l)ej} +
sinm - 1)¥; {(fm + gym)[cos(m - 1)ey - 1] -
(8xm - fym)sin(m - l)ej} +
cos(m - 1)¥y {(gm - fym)[cos(m; )ey - 1] +

(fxm + gy.m)sin(m - l)ej}) (37a)

n-1
(AFyl)e = %‘- Z Z(sin(m + 1)V {(fy-m + gxm)[cos(m + l)ed - l] -
m j=1

(8ym - fym)ein(m + l)ed} +
cos(m + 1)¥y {(gym - ) [eos(m + L)y - 1] +
(fym + &g )ein(m + l)ed} *
sin(m - 1)¥y {(fym - &m) E:os(m - ey - 1] -
(fxm + &ym)sin(m - l)ed}+
cos(m - 1)¥y {(fm + &m) E:os(m - 1)ey - 1] +

(fym - &m)sin(m - l)ej}) (37v)
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A comparison of these equations with equations (32) shows that the
effect of eccentricity imbelances in this case is equivalent to property
imbslances, as in the case of forces normal to the plane of rotation.
For example, the effect of eccentrleity imbalances can be obtained by
property lmbslances which are characterized by increments (Afme)eq:

( Agxmj)eq_: and so forth in the forces on a single blade, such that

-~

(Afmy)eq = (“8ymy)eq =
(fxm - Gym) [cés(m + 1) €

l] - (Sxm + fym)sin(m + 1) €3

(“8xm3)eq + (Afymi)eq =
(Exm + fm)E:os(m + l)eJ

J;l + (fxm - gy.m)sin(m + 1) €
(38a)
(Afxmy)eq *+ (“8ymy)eq =

(fxm + gym)[cos(m -1) €3

];I - (&xm - fym)sin(m - ey

(“8xmy)eq - (Afymy)eq =

(gm - ym)l:cos(m. - l)ej ]-._-l + (fm + gy.m)sin(m - l)ej )
Solving these equations for the equlvalent property-imbalance increments

yields
\
(Afm:j)eq = fm(cos mey cos €3 - l) + gym 8in mejy sin ey +
fym sin €3 COB mey - &y sin mey COS €4
(Agxm.j)eq_ = gm(cos me, CO8 €, - l) - fym sin me, ein €y -

Sym sin eJ cos mej + fm sin meJ cos ej % (38b)
(Afym))eq = -8xm B1n mey sin ey + fyp(cos mey cos €y - 1) +

Txm 8ln €y cos mej - gym sin mey cos ey

(Agym,j)eq = O sin me 4 sin €3 + gym(cos me 4 cos €3 - l) +
&xm sin €4 cos me 4 + fym sin me 4 cos €3
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For smell eccentricity imbalaences, these relations, to first powers of

6

€3 become

(Afmg)eq = - (8xm + fym)ey |
(f8xns)eq = (%Fxm - &ym)<y
> (38c)
(Afyms)eq = (Fxm - mEym)ey
(yms)eq = (& * ™Fym)<y

Equations (37) may be wriltten in a more explicit manner. The fol-
lowing expressions glve the additional loads, due to eccentricity imbal-
ances, transmitted to the hub 1n the plane of rotation of a rotor of n
identlcal blades.

N
(&Fx1)e = Z(Aa.'x'm sin my + Ab'yiy cos m¥)
m
. (39)
(&Fy1)e = Z (f'y1y Bin my + Sb'yey cos my)
o J
where
Ablxlo = 0 7
Ablylo = 0
n-1
ra' L1y =%— Z {cos a—gl-li(-Egyo + fyo + gyz)(cos €y - 1) +
Pt ¢ (3%)

(-2gx0 - &x2 + fyo)ein eJ] +
sin g%J-Kngo - fyo - gyg)sin €y +

('23}:0 - 8yo + fya)(cos €j - l)]} )
(Eqs. (39a) continued on next page.)

6The most general equivelence relations can be obtalned by wrlting

(Aax'm)eq = 08"y, (Abx'm)eq = MAb'y'ym, and so forth and by using equa-

tions (33a), (33b), (39a), and (39b).
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%] = L Z {cos 2nd l:(-zgyo + £ + gxe)sin €y +

(2840 + 8yo - fya)(cos €y - l):|+
in 2"7‘1[(-2%,0 + £y + gyp)(cos e5 - 1) +

(-28x0 - &Bxo + fyo)sin eJ]

n-1
o' yiy =% Z {cos E’J—LJ-E2gxo + £yp - &xp)(cos €y - 1) +
J=1

(‘25y0 - fyp = gye)sin e'j] +
sin 2”:T'jl:(-zgxc, - fyo + gxz)sin €y +
(2gy_o - £,5 = &yp)(cos ey - 1)]
n-1 _
Ab'y'l = % z {cos %j-l:(agxo + £y - gxe)sin €y +
J=1
(28y0 + Ty + gyg)(cos €3 - l)] +

sin %l:(zgxo + fyp - 8xp)(cos ey - 1) +

(-2gy0 - fyo - gya)sin EJ:I

For m2 2:

>

27

(392)
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-~

n-1

1 2njm N e
fatiig= 5 Z{cos n'j [(.fx’m'l_ &y,m-1+ fx,m+l+ 8y,m+l) (cos me 4 - l) +
J=1

(Bx,m-1 + Ty me1 * Ex,mel 'fy,ml)('sin mEJ)] *
otn B8 (ot ) + Gy,md - Tyl - Eymel)etn By -
(Bx,m-1 * Ty m-1 * 8x,mel - fy,m-l-l)(cos mey - l):l

n-1

1 2xJm
Dol yry = 5 Z{cos & fo,m-l - &y,m-1 *+ Tx m+l + gy,m_,_l)sin mey +
J=1 '

(gx,m_]_ + fy,m_]_ + 8, m+l - fy,m_,_l)(cos mej - l):l +
sin z—;ijg[(fx’m-]__ - gy,n.l__]_ + fx,m-t-l_“’ gy,ml)(cos mey - ]_) -

(Ex,m,.]_ + fy,m—l + 8x,m+l - fy’ml)(sin mej)]

n-1
1 2%
Aa'y.m= 5 Z{cos _Hm |:(fy,m-l+ gx,m-1+ fy, m+1- Sx,m+l) (cos mey - l)+
J=1

(sy,m-l' fx,m—l"' fx,rm—l"' 5y,m+l)("Sin mej):} +
sin 22. S [(f}",m-i "‘Sx,m-l"' fy’,m*-l" é_}-(,m+l)(—sin me'j) +
(fx,m-l - 8y,m-1 - fx,m+l - gy,m_,.l)(cos mey - l)]

n-1

Ab'y'm=:§L' Z{cos e—gdg[(gy’m_l- fx,m-l"' fx,m+l+ sy’m_l)(cos me 4 - l)+
J=1

(fy,m-1 + 8x,m-1 + fy,m1 - Ex,m+1) (sin meé)_—_""

2]
sin gm[zgy,m-l - fx,me1 Ty mel * gy,m-l-l) (~-sin med) +

(fy,m-l + 8y om-1 fy,m+l - 5x,m+l) (cos me, - 1)]

(39b)
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For smsll eccentricity imbalsnces, equations (39a) and (39b) to first

powers of ey beconme

M'yrg =0
Ab'y,O =0
n-1
batyq = %l:(-agxo - 8yp + fyg)z (ed cos 2—%1) +
J=1
n-1
(Egyo - f0 = Sya) Z (EJ sin g"r—li):]
3=1

n-l
L'y = %[(—2%0 + fx2 + 5y-2) Z (e‘j cos %) +

i1
n-1
(—2gx0 - Egp + fyz) Z (e 3 gin %!l):‘
=1
n-1

Aa';y'l = 12-.[(-2%,0 - fx0 - &y2) Z(ej cos g’rllii) +
J=1

(-agxo - fyp + gxg)ni:L(ej sin g%i):l
=1

n-1

Abty,l = %[:(ngo + fyp - ng)Z(e.j cos -2%‘1) +
J=1

n-1
(-28y0 - fx2 - %E)Z (¢ s1n %)]
J=1

;

(39¢)
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n-1 h
x 2njm
talpip=3m [('gx,m-l' Ty, m-1- 8x,m+l +fy,m+l)21(ed cos _ﬁﬁ—) +

n;]‘. 2¢Jm
("fx,m-l + gy,m.—l - fx,m-'*'l - gy)m-'-l) 2_' (EJ sin n )]
S, |
n-1 .
1 2n]
Mp'yip = 5 B [(fx,m—l' gy, m-1% Fx,mel + gy,m—l—l) Z (EJ cos ,zt1 m) +
_ e

n-1
(-&x,m-1 = fy,m-1 - &x,m+l + fy,m»i-l) Z (‘:'-,j sin Eﬁjm)]
J=1 L
(394)

n-1
1 2nim
y'm= 3 m[("sy,m-l"' fx,m-1- fx,mr1- Sy,zm-l) Z (ej cos — ) +

J=1
=
25 Jm )
(-fy,m-1 - &,m-1 ~ fy,ml * 5x,m+l) Z, (ej sin ._n_—)]
J=1

..n-1

1 | 2nJm
o'y = > m[(fy,m-l"‘ &x,m-1+ Ty, m+1 - Sx,m+l) Z (e,j cos nj ) +
J=1

n-1

2
('gy,m-l + fy,m-1 = Txymid - gy,m—i-:\.) Z (e,j sln ﬁ‘jm)]

=1

/

From equations (39), 1t 1s seen that eccentricity imbalances in a
rotor, as in all of the previous cases of imbalances, will produce at
the hub additional loads of all hermonics end not only those which are
multiples of the number of blades. Moreover, the (m + 1)th and the
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(m - 1)th harmonic forces acting on & single rotating blade will contrib-
ute to the mth harmonic force transmitted to the hub.

0f particular practical interest in ordinsry ceses will be the
Increment in the first harmonlic load trensmitted to the hub. This may
be especlally learge because of the contribution of the static blade
forces to 1ts magnitude. The contribution of only the blade static
(zeroth harmonic) load in the x-direction to this additional first
harmonlc load will now be considered. This has aslready been Justified
in the derivetion of equation (34). For small eccentricity imbalances,
the magnitude of the first harmonic load component according to equa-
tions (39) is then found to be

1/2
n-1 2 n-1 2

Ae1 = &x0 Zea cos 1)+ Zea sin £5 (hoe)
,j=l j'—"-l

where g, is the centrifugel load given by equation (35). For the

special cases of rotors with two, three, or four blades, thils equation
becomes

for n = 2,

Ael = gx0€L (kob)
for n=3,
Ael = EXO%lE + 622 - 6162 (’-I»OC)
and for n =k,
Ae1 = Brolex® + (a1 - €3)2 (kod)

These equations show that, for a rotor of three blades, eccentricity
imbalences of opposite signs will enhance each other appreciably. For
a rotor of four bledes, the effect of eccentricity lmbalances 1ls seen
to depend on the azimuth angles between alternate blades.

As s numerical example, in order to indicate order of magnitude,
conslder a three-bladed rotor with gyo = 12,94k pounds. If the angles

between the reference blade (J = 0) and the succeeding blades at J =1
in

and J =2 are (%—:r + el) radlans and 31\: radiasns, respectively, then
according to equation (40c) the magnitude of the additional first harmonic

force transmlitted to the hub in the plane of rotation by this imbalance
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will be Agy = 12,944e; pounds. If e = 0.02 redian (1.15°), then
Ag1 = 259 pounds, which 1s 62.7 percent of the amplitude of the third-
harmonic force transmitted by balanced blades.

Simultaneous Property and Eccentriclty Imbalances

If the n blades of a rotor have simultaneous property and eccen-
tricity imbalances, then equatlions (9) and (10) must be modified to the
form

n-1 - )
Fyrp = }Z[?;ms(wj')cos ¥y - Fype(¥y')sin ¥y
3=0
4 (1)
n-1 — e e
Fym= ) [Fams(¥3 )51 ¥3" + Fyma(¥3")c0s ¥y
= | | )

where Fypg eand Fypg are the mth harmonic individual blede force
coefficients given by equatione (31) with wJ replaced by WJ'.

By using stralghtforward trigonometric manipulations and summing
over all harmonics m, it is possible to derive from equations (41)
general explicit expressions for the additional harmonic forces trans-
mitted to the hub by simultenecus property and eccentricity lmbalances.
For the case in which both types of imbalances are sufficlently small
8o that powers of Afxmj! Afme, Agme! Agymj’ and €3 above the

first can be neglected, it can be shown that the effect of the simul-
taneous imbaslances can be obtalned by superposlition of the effects of
property imbalances alone and the effects of eccentricliy imbaleances
alone. Thus the increments 1n the forces produced at the hub by the
simultaneous blade imbalances caen he expressed as

I

(AFx.)t }:(Aa"x.m sin my + Ab"x,m cos mw)
il

(42a)

(AFy')t };(Aa"y,m sin my + Aﬁ"y,m cos mW)
o
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where
N

AB."xtm = A&xlm + A&'xlm

1t
Ao i = Boyry + Ay

| ' r (2b)
Pa':} y'm = &.y.ym + As y'm
Ab"ylm = Abylm + Ab'yrm J

Explicit expressions for the right sides of equations (42b) can be
obtained directly from equations (33b), (33e), (394), and (39e).

It mey be further noted that the effect of simultaneous property
and eccentricity imbalances can be shown to be equlvalent to property
imbalances alone. For example, the effect of small simultaneous prop-
erty and eccentricity imbalances can be obtalned by property imbsalances
characterized by the following equaetions:

(Afxmj)eq = Afymy - (m&xm + fym)es
(28xmy)eq = L8y + (mExm - Bym)ey

(Afymg)eq ( 42)

Afymy - (meym - Tym)e

Lgymy + (Wfym + Exm)ej

(%eym3)eq

Py

A comparison of equations (43) with equations (38c) illustrates further
the principle of superposition for small imbslances.

As has been previously explained, the additionzl first harmonics,
due almost entirely to the statle centrifugal forces exerted by each
blade, will ordinerily be of particular practlcal interest. If the
effect of the centrifugel forces in the x-directlion only is considered,
then for smell simultaneous property and eccentricity imbalances, the
additional first harmonic force components, according to equations (42),
(33), and (39), will be

[(AFX')tJJ.
[(AFV')t]l

falypiq 8in ¥ + My cos ¥

(4ha)

AB."yll sin ¥ + Ab"yll cos8 11'
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where
n-1 _ W
" 2"(
Ley1y = Z ("Agxo,j sin TJ - ejgxo cos g’rtrd-)
J=1 . )
n-1 ) o o _
1t 2% 2 > Yhb
iy = (AngJ cos B - cyg 5 sin —fl‘l) ()
J=
m"yfl = Abﬂx‘l
&"yll = m"xll

P

From these equations, the amplitude of the additional first harmonic
force in the plane of rotation is constant with time and has the value

t L ) 1/2
Ay = |:(/_~a'x,l)2 + (& x.l)‘?] (kke)

For the special case in which the simultaneous property and eccentricity
imbalances occur in a single blade, corresponding to J = k, for example,
equation (4he) yilelds

1/2

Agy = [(Agxmc)2 + (Exoek)Q] = &x0 (@ + €k2)l/2 (khd)

where o = AZyok/€x0-

As a numerilcal example, consider en n-bladed rotor for which
€x0 = 12,94l pounds (es in the previous numerical examples) and in which

the blade corresponding to J = k has a prorerty imbalance chareacterized
by o = 0.02 and an eccentricity imbalance ex = 0.02. Then

Agy = 366 pounds, which is 88.5 percent of the amplitude of the third

harmonic force transmitted by the balanced blades of the three-bladed
rotor of the preceding examples. It may be noted that this result is
independent of the signs of o and ex.
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CONCLUDING REMARKS

From the present analysis of the net forces transmitted to the hub
by & rotor of n blades with property and eccentricity imbalences, the
followlng concluding remarks may be made:

The effect of lmbalances in the rotor blades is to produce at the
hub, both in and normel to the rotor plane of rotation, additional forces
in a1l of the hermonics. The msgnitudes of the additlonel lower harmonics
may be especlally apprecilable. The effect of eccentricity imbalances, or
nonuniform spacing between the blades, 1s equivalent to the effect of prop-
erty lmbalances, or property differences among the blades. The magnitude
of the first harmonic forces transmitted to the hub in the plane of rota-
tion of the blades by property or eccentricity imbalances may be especially
high because of the influence of the static centrifugsl forces exerted by
the blades. The effect of small simultaneous property and eccentricity
inbalances in a rotor is equivalent to the superposition of the effects of
property imbalances alone and the effects of eccentricity imbalances alone.
Explicit general expresslons have been derived for the calculation of all
of the additional harmonlc forces transmitted to the hub both in and nor-
mal to the plane of rotation by property and eccentricity imbalances in
an n-bladed rotor. These expressions are glven in terms of the forces
transmitted to the hub by a single rotating blade. For convenlent ref-
erence, a conclse analysis of forces transmitted to the hub by a balanced
rotor of n blades 1s glven. Numerical examples sre glven to Indicate
the order of magnitude of the resulis obtained herein.

Polytechnic Instltute of Brooklym,
Brooklyn, N. Y., Janusry 29, 1957.
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Figure 1.~ Coordinate system (x,y,z) rotating with a blade.
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